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Abstract

This work presents the estimation of parameters and uncertainty of straight regression line
using the least square method when both coordinates in Cartesian System XOY are affected by
errors and fully correlated. The maximalization of the likelihood multivariate Gaussian
function as equivalent of minimalization of objection function is derived for common vector
variable Z included X and Y vectors random variable vectors of coordinates of measurement
points. In this way all kind of possible correlations are taken into account within the
metrological literature, there exist some works taking them into account. The core of the
presentation is the mathematical manipulation based on linear algebra matrixes and vectors
with elements of functional analysis. Any novelty claimed in this field will be carefully
demonstrated. The problem is reduced to the determination of numerical one-dimensional
characteristic e.g. objection function as function of slope a of straight regression line. The
algorithm allows to determine numerically the covariance matrix U, and the coverage corridor
for straight line regression. The implementation of the numerical method is applied in scripts
Plot_G.txt and U_ab.txt running in MATLAB environment. Finally, the comparison of results
based on the previous published tests are carried out.
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1. Introduction

Methods of using least square fit for linear regression are well-known and have been widely
applied since the works of C.F. Gauss and A.M Legendre dating to the eighteenth century. These
methods are used in many engineering disciplines including: econometrics, social science,
astronomy, geodetics, chemistry, climate science, biology but most important, in metrology. Least
square method can be found as first publication by Pearson in 1901, also by Deming (1943), York
(1966) with exact analytic solutions [1], of Golub and van Loan in which they introduced the
errors-in-variables (EIV) models [2], Lybanon 1984 with method of effective variances and exact
solutions for heteroscedasticity case [3], (Neri 1989) with special and proposed data for simulations
[4], Krystek (2011) and Anthon [5] with special algorithm with correlation x and y coordinates
with exact solutions of specific case using parametrization algorithm, publication by A.R. Amiri-
Simkooei and Jazaeri using algorithm based on the Lagrange multipliers (2014) [6,7] and also
many others [8-23].

Within the past few decades we had a lot of publications in the highest journals in the USA,
Canada, Chine, Europe in this area of least square methods. It is not possible to give a complete list
of them in literature references, but they can be partially found in the works published in the
references section.

The numerical algorithm for WTLS (Weighted Total Least Square) method is very useful in
metrology and that is why all known algorithm have been already implemented in a series of
software developed by several NMlIs: for example from NIST USA, NPL Great Britain, PTB
Germany PTB , INRIM Italy and many others [18].

The proposed method is under development and maximum achieved accuracy on Person data
with York weights is almost eight digits after point. It is to early to make a comparison with other
implementation with advanced and sophisticated algorithm. In general three testing cases from
article of A.R. Amiri-Simkooei and Jazaeri using algorithm based on the Lagrange multipliers are
used in order to compare accuracy of calculations [6,7], but some cases with analytical solution of
the problem also are demonstrated.

The proposed method is addressed to any carried out experiment when two data set of two
coordinates x and y with covariances matrix are experimentally determined, e.g. measured. Based
on the above data putting in EXCEL, the method implemented in MATLAB scripts Plot_G.txt and
U_ab.txt is very fast and with high accuracy numerically determines the characteristics of the
objective function in the parameter of straight regression line: a-slope and also b-intercept within
the desired range of its variability. In this way, it allows you in relatively short time to assess
whether there is a minimum of objective function and the least square method has the possibility
to apply. The proposed method resolves problem of generalized of least square method e.g. WTLS
so in the specific cases of covariances matrixes for Weighted Least Square (WLS) and Ordinary
Least Square (OLS) method are also solved to. The overall breakdown is WTLS followed by WTS
and OLS. From the linear algebra point of view this will reflect when the covariance matrix
includes: non-diagonal elements, exactly diagonal elements or it is a identity matrix multiplied by
a constant variance, respectively.
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Since 1993 we used in our metrological works Guide for Expression of Uncertainty (GUM) and
also supplements: one for propagation of distribution-Monte Carlo Methods, and also with
supplement 2 describing methods estimating uncertainty on multivariate variables. So we will use
the concept of defined uncertainty according to the GUM. JCGM100:2008, Evaluation of
measurement data - Guide to the expression of uncertainty in measurement. + Supplement 2.
Extension to any number of output quantities. JCGM102:2011.

The works include: estimating parameters of straight regression line, assumption for straight line
regression, derivation of effective inverse covariance matrix, analyzing two extreme cases with
domination of covariances matrixes Uy or U, with analytical solutions, consequences of the new
approach and finally the new algorithm, some testing cases, summary and conclusions.

Most of parts of this work was presented during Joint Virtual Workshop of ENBIS and MATHMET
Mathematical and Statistical Methods for Metrology MSMM 2021 in Turyn in Italy, (ID 78) which
took place at 31 May-1 June 2021 the presentation was titled Generalization of least square method
for straight line regression-A new approach [24].

2. Estimating Parameters of Straight Regression Line

In the figure 1 we have marked the measuring points M, with coordinates x,, y, i=1,...,n, and plotted
the straight regression line and the coverage corridor in cartesian system YOX. If assume there is a
regression of y on x with only coordinates y affected by errors, this corridor looks similar even
when the second coordinates x is also affected by errors or any possible coordinates are correlated.

y -
y, = ax,+b 5
Miye
Y1+ lhosn-2Uy1 Y2 — to95n—-2Uy2
y, = ax;+b

N ; S uZx? + 2xpgpuqty + ul

\\ two hyperboles estimates
the coverage corridor

Y1~ logsm—2Uy1 |

L X2 x

(1-k)y;, +ky; correlated porr = u?(k) = uby (1 — k) +2k(1 — k)posptiptty, +K2uZ, 0< k < 1

Figure 1: Solution for straight line regression y on x problem in Cartesian XOY system. The coverage
corridor between two hyperboles determining the standard/expanded uncertainties for y output quantity for
every values of independent variables x.

From metrological point of view we should determine standard/extended uncertainty at selected
points for example: x; and x, From GUM it means the standard deviation of distribution of sum
of two correlated distributions: for slope of straight line regression a-x (x —is treated as factor)
and for intercept of straight line regression b. When the uncertainties of the variable y are much
smaller than uncertainties of variable of x or close to zero, the uncertainty relating to variable x is
transferred to the coverage corridor for the variable y in this accepted system. Therefore, the above
model can be used for both variables that are error-affected and correlated in any way. Variance -
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the square of standard uncertainty is the variance of the sum of the two correlated mentioned
distributions ax and b where the mean values a and b determine for slope and intercept,
respectively. On the other hand, the interval limits by expanded uncertainty for the two selected
points x; and x, coordinates require a extension factor/coefficient to be set, which in this case is
equal to the inverse of cumulative distribution function for student distribution for 95 % of
probability and n-2 degree of freedom.

This form of variance is equivalent to a linear or quasi-linear sum of two weighted correlated
random variables (1—k)y1+ky2,which it was presented at MATHMET conference in 2019 in
Lisbon- see bottom of figure 1 [25].

So, the finding of straight regression line coverage corridor is very important as well as finding
uncertainties for slope U, and for intercept U, and correlation coefficients p, e.g. elements of
covariance matrix U,. It is similar to the determining mean value and standard or expanded
uncertainty. In contrary to very precision numerical method of propagation of distribution e.g. the
Monte-Carlo method [26] to find the coverage corridor w applied the propagation of uncertainties
in the form of a matrix equation using the linear model where all output quantities are sums of
input quantities with corresponding sensitivity coefficients. Because the elements of covariance
matrix U, are necessary for the determination of confidence curves describing by two hyperboles
the method of linearizing of the model for performance multivariate function is used. In such
model with multivariate random variables the uncertainty of one variable is extended to the
covariance matrix. The covariance matrix propagation equation means that the transformations of
the covariance matrix of input U ;, to the output covariance matrix are U, carried out using of a
sensitivity matrix C-Jacobian matrix whose elements are the first partial derivatives of the
transform function U, = CU;,C" [1]. This is the most general expression for the propagation of
variances from one set of variables onto another. The estimation of expanded uncertainty at the
output of the system requires to determine the area of the confidence region (coverage region)
with a given probability so the extended coefficient (coverage factor) Koges is required. Thus, in
order to determine the coverage corridor and thus to determine the expanded uncertainty for these
two points, it is necessary to know not only the parameters a and b of straight line regression, but
also the U,, covariance matrix. The matrix law of the propagation of uncertainty results in a
correlation coefficient between the coordinates y, and y, are given:

_| 0da 0b da Oda x; 1 X, X,
U, = U = U 1
0y, 9y, "|dyy 9y, lxz 1] “”[1 1 W
da 0b ob 0b
Where covariances matrixes are defined as:
2 2
u u.u u u,u
Uqb= a pab 2a b , Uyu: Y1 py12 2y1 Y, (1 a,b)
pabuaub ub pylZ“yluy2 uy2

After simply matrix multiplication we have (i=1,2)
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2 ( ) 2

2_ 2240 2 U Xy XoF P UgUp | X+ X5 )+ U, 2 ab

uy,_Xi ua+ Xipabuaub+ub) py1,2_ ( a, )
u}’1u}IZ

3. Assumption for Straight Line Regression

As a result of repeated measurement at each measuring points of the values of both coordinates,
we can determine the mean value, uncertainty for each coordinates, and also determine the
experimental correlation coefficients of each pairs of the M; and M ,considered measuring points.It
can be taken into account autocorrelation for a random variable, x; and x, and y,and,y, as well as
cross-correlation for x;and y, x;and y,,x; and y,,x;and y, coordinates see figure 2.

1 m = , L mo =Y. Y
Xiven Xi oy Xf—Xf R H(Xf) > Vi Yin Vi Y -”'.r}!)
Lji=1..,n
x}.l, ...,x}-m, X=X, uX;) Vi Vit T YY)
crosscorelation X;,Y; with X, Y . ' ; 7Y,
autocorelation between X;, X; y L JEHE A d autocmlefatzon bem_e_?nl}!,b
experimental coef ficients experimental coef ficient

experimental coefficient

. Veyijs Veyjir Vaviie Tawjj Pyig
Veij :

Figure 2: Any possible correlations between measurement data of chosen pairs measurements points M, and
M.

By adopting Gaussian distributions as input at any measurements points, we get joint density
distributions inside the coverage corridor at the corresponding P; and P; points lying on a straight
regression line to which errors are determined from the measuring points. The resulting
distributions at P,and P, points along the y define the individual confidence intervals-see figure 3
Our task is from input quantities obtain output quantities 4, b and the covariance matrix U .
o,

il
T

oy oy

_,.f.f." o = NI ’pJ-) 3
# ; \\\ e .
[ i { =
-"'f ﬁﬁi:.:.: Ao / = +b Ha tig
4 x

u? = x2uZ + 2pgpxugup + up

Figure 3: Joint probability multivariate distribution f(x, y) according with (5) along straight line regression
and two probability one dimensional distribution at the two projecting points P, and P; laying on the
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straight line regression corresponding to the two measurement points M, and M, with probability
distribution along x and y. The projecting points distributions are always a sum of two random correlated
variables a multiplicated by factor x with standard uncertainty xU, and variables b with standard
uncertainty Uy.The variance ( square of standard uncertainty) is as given at the bottom of figure.

. . . T
Now, from  two n—dimensional = vectors = random  variables: X=[X,,...,X,],
T . . .
Y=[Y,,...,Y,], we create mean vector of new common vector random variable 2 x n- dimensional
— multivariate variable Z to take into account any cross correlation between both coordinates,

Z=[xX"Y"I'=[Xx,,....X,,Y,,....Y.'=[2,,...,2,.] (3)
Where mean vector is
ZP:[XPI!""XPn!YPD"'!YPn]T:[ZPl""!ZPZn]T! (3 a,b)

where and zi=x¥, i=1,...,n, z';:yjf, j=n+1,...,2n,k=1,...,m . In our derivations we applied very
useful vector equation of straight line regression in vector representation which can be expressed
as:
Yo Xp, 1 1
=a| ... [#b|...|<=> yp=aX,+b, b=b|... 4)
X, 1 1

We put vector random variable to the likelihood for a Gaussian joint density multivariate function
and from maximizing likelihood obtain minimizing condition for objective function. The common
covariance matrix U, is a typical covariance matrix size of 2n x 2n for Z-random vector variable
size of 2n. The likelihood for a Gaussian joint density multivariate function is expressed as

L(AZ)-flAZ)=

-1 Tr—1
L exp|ZtAZ'UAZ 5
(2n)"\/det(Uz)exp( 2 ) ©

Where the vector of errors is defined as: AZ=Z—Z,=[AX",AY"]", and covariance matrix U, can
be described as

u2(zl) pnlu(zl)u(ZZn)
U,= : : (©)

and determinant of U, must be greater than zero:det(U Z)> 0. In (6) the standard deviation o (Zi) are
replaced by uncertainties u(Z i) and correlation coefficients p; are estimated by experimental

correlation coefficients ';;
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= and 1i,j=1,..,2n. )

The maximum likelihood means the minimum of the objective function:
L(AZ) - max=G(AZ)=AZ"U,'AZ - min (8)

Hence, the two equations of system are obtained:
G(AZ)=AZ"U,'AZ - min

(9 a,b)
Yp:aXp+b

where the covariance and inverse of the covariance matrixes can be partitioned to the parts of

size n xmn:

Ux Uxy
T

UXY UY

Vll V3
fo V22

-1__
7 zZ —

(10 a,b)

Z:

So, the units of U, matrix are not uniform in general because U,,U XY(UQY),UY size of n x n have
different units: square of unit x, product of units x y and square of unit y, respectively. The matrix
U,, is not a covariance matrix because it does not have a diagonal with square of uncertainties.
The matrix U, should be called as covariance parts where all elements have the same form . In
piju(Xi)u(Yj)i,jZL...,n general, piju(Xi)u(Yj);épjiu(Xj)u(Yi) and the matrix U,, do not need to be
symmetrical UL, 2U,, at all, although both Ujy and U,, have the same diagonal elements. Also,
both vectors z and z, have two units: part of X has unit of x and part of Y has a unit of y.
Analogically the four parts of U;l have a different units. The matrixes Vi, V3(VT3),V22, have inverse
of square of unit x, inverse of product of units x y and inverse of square of unit y, respectively.

4., Derivation of Effective Inverse Covariance Matrix

This is mathematical description of our task and as we see the symmetric matrix U, has to be
partitioned with different units as well as inverse matrix has to be partitioned to four element with
different units. The objective function can be described as:

G|AZ,a,b)]=G(AX,AY,a,b] = [AXT,Ayf]U;[ ] [AXT AY][Vu Vl[

= AX'"V,AX+AX "V, AY+AY ' VIAX+AY ' V,AY =
= AX'V,AX+2AX'V,AY+AY'V,,AY (11)

This leads to the objective function which consists of three elements:

1 First autocorrelation x - domination of Ux matrix with the ability to solve problems by
subjugating mathematical formulas for regression x on y :
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AX"V, AX>2AX"V,AY+AY'V,AY then U,'=V,~Uy;

z

2 The middle cross correlation between x and y - the second element is corresponding
for cross correlation and occurs only when both above elements are considered non-
zero V3;#0 , and therefore requires invertible of U, matrix. If the middle element is
zero, the invertible matrix U;' is composed by independently invertible two matrixes
the Uy'and Uy

3 Third autocorrelation y - responsible for the dominance of the Uy matrix — regression y
on x with autocorrelation y :

AY'V,AY >2AX"V,AY+AX"V  AX then U,'=V,,~U,"

From vector equation of straight line regression for projecting points we obtain:

Y,=aX,+b =Y ,—Y+Y=aX,—-aX+aX+b (12)

Defining the new vector E=Y—aX —b, the error vector AY can be expressed as:
AY=aAX+E (13)
Substitution of the error vector AY leads to expression for objective function as follows
GAX,a,b)=AX"V,AX+AX"V4AY+AY ' V,,AY=

—AX"V,AX+AX"V,|aAX+E|+[aAX+E|' Vi AX +[aA X+E]' V ,[aAX +E]-
=AX"V,AX+aAX"V4AX+2E' VIAX+aAX"V,,AX+2aE"V,AX+E"V, E  (14)

Where V,,=V,+V] isa symmetric matix.
The final expression for objective function is:
G(AX,a,b)=AX"V AX+2E"(V}+aV ) AX+E"V ,E (15)

where V=V (a)=V+aV,+d’V,, V- symmetric matrix, has a real eigenvalues Ay; with normalized
orthogonal eigenvectors R;,i=1,....n and

VR, =),R, R,.Rj=[0 i#] (16)

1i=j

This expression (15) will be minimized analytically by looking for a local minimum for error vector
AX- we have hyper parabolic/quadratic dependence, and next minimizing for local minimum for
variable b to finally expressed the function G(a) as one dimensional dependence on a. If matrix V'is
diagonal like for noncorrelated case it is possible to express (15) as sum of quadratic form.
Orthogonal matrix H'=H " is composed of normalized eigenvectors H=[R, ,..., R Jand H 'H =
H H '=1 and also matrix V can be diagonalized in the following way:
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H VH=l0 .. 0 (17)
0 0 Ay,

The same possibility of expression of objection function as sum of quadratic form we obtain if we
apply a mathematic trick to insert two times an identity matrix to diagonalize matrix V.
Consequently, it is always possible to present this expression:

G(AX,a,b)=(H"AX|"H'VH(H" AX |+2(H" AX) H'(V,+aV,,|E+E"V,,E  (18)

in the form of sums of quadratic forms:

G(AX,a,b)=> hx’Au+2hx;hVE+E"V ,E (19)

i=1

where AX is linearly transformed (by translation, rotation) to the new n-dimensional vector
hx=H" AX. and hVE; are elements of H '(V,+aV,)E vector. The minimum of G in the case of
all eigenvalues A,> 0, i=1,..,n, is reached when all quadratic forms have minimum and therefore
matrix V must be positive definite. If all the eigenvalues of matrix V are positive, i.e. the V matrix is
positive define, then objective function takes the minimum value when for each square form
reaches the minimum. It occurs for the vertex of hyper parabola of (19) - we have a special
expressions for parabola, that is, we can differentiate function G due to the error vector X—X,
and therefore due to the vector- that is, choose such a set of points X, on a regression that
minimizes locally objective function. Automatically we obtain expression of error vector for AX
and for AY on above minimizing condition. There is no need to parameterize and search the vector
X , set to minimize the objective function.

The condition for minimum of G(AX,a,b)due to AX (X- constant vector of coordinates x)

0G(AX,a,b]_0G(X-X,,a,b] 9G(-X,.a,b|

= (20)

0AX 0(X—X,) o(—X,)
Hence, AX! . =—E"(Vi+aV,,)V ™" because for quadratic dependence: g(x)=a,x*+ bx+c, and a,;>0
we have the minimum at xvemx:%. And also from AY=adAX+E, and then

1
=E"(V,+aV,) V™" The value of minimum of quadratic form G(AX,a,b) from (15), it is at

vertex of hyper parabola:

AY?

vertex

G(AX pex,a,b)=Gab) = E"(V;+aVy)AX i tE"V, E (21)
After simplifying we obtain:
G(AX,a,b)2G(ab)=E"[V,—(V3+aVy,)V ! (Vy+aVy,)]E (22)

The minimum of objective function is given at vertex of hyper parabola for local minimum for
error vector of AX. In this way the objective function can be expressed as for regression y on x
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when we introduce the effective inverse of covariance matrix, which is dependent on slope a as
well as matrix V.

G(ab)=lY —aX—b| Ugy|Y—aX—b] (23)
where effective inverse of covariance matrix is given by

User = Vo= (V3 +a Vi)V (Va+a Vi) (24)
where the matrix V = V(a)=V11+a Vay+a'Vy, andit is dependent on a.

When the matrix V; is symmetric e.g. Vo=V, then the expression for effective inverse matrix
reduces to the form:

Uy =(Vi Vo= V3 V) VT =(Vi Vi =025V u Vi)V (24a)
5. Domination of Matrix Uy - Regression y on x With Autocorrelation

At this moment we consider, in simply linear algebra way, the regression y on x when matrix
U, is zero and all errors are calculate along variable y. The OY direction of measurement error is
accepted. Here, uY#0 and uX=0 and X, =X, AX=0, AY=Y-Y =Y—aX —b=Y—aX-b. The
covariance matrix have these parts: U,=Uy, U;'=U;' Uy =U,=0.

The objective function becomes:
Gla,b)J=AY"U;'AY=[Y—-aX-b]'U;'[Y—aX—b] (25)
Introducing the new universal notation of parameters for universal notation of inverse of

covariance matrix U '=U}' in the following manner and use distributive property which holds
with respect to multiplication over addition we introduce the new scalar parameters:

s=1"u"1=2 > [u'];,
i=1 j=1
s=x"v'1=1"v'x, S,=Y'u'1=1"U"'Y

S.=X'U"'X, S,=x'U"'vy=Y'U'X, S,=Y'U'Y (26 a-f)

and [u™']-

ij
started by finding very well known the following sums which be replaced by multiplication

is the ij- element of inverse covariance matrix U~". The calculations (25) would be

transposition vector by inverse of covariance matrix and by vector - this is very important issue.
The constant of matrix U = U, gives possibility to minimize the objective function analytically
because of

G(aby=a’S,,+2abS,—2aSs,,+b’S—2bS +S,, (27)
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In (27) we have quadratic dependence on a and b, hence the condition for global minimum is
equivalent for two local minimum corresponding a and b:

0Gla,b)
da

0Gla,b)
ob

Gla,b) - min= =0, =0,(8,>0,5>0 (28)

Of course when effective inverse covariance matrix depends on a the objective function can
minimized locally only by intercept b. The analytical solution for the two-line equation gives global
minimum [24]:

aS,+bS,=S,,

(29 a,b)
aS,+bS=S,

and solution can be found by determinant method of determinants. Parameters a and b are given
as:

Ay A 30 a,b
a:—, = — 4
2 2 (30 a,b)
where: A,=SS,,—S.S,,4,=S,S,—5,S, ANA=SS,,—(S,).

The uncertainty: ua of slope a and ub for abscissa (intercept) b and correlation coefficient p,, of
parameters a, b can be determined analytically too. The below equation (33) presents the unique
solution for regression y on x with using the old very well known formulas for element of
covariance matrix U, for non corelated case. But they correct in the case of autocorrelation
variable y described by covariance matrix Uy.

First the sensitive Jacobian matrix C is derived [27]. The sensitive coefficients, equal first spatial

0S
derivatives 3 yxy 3 yy of parameters of linear regression, determines vector component of e and f:
e=—2=\U, X|,f=—2=|U, 1| 31a,b
i ayl [ Y ]1 fl ayl [ Y ]1 ( a )

0S - - 0S _ -
for i=1,...,n. In symbolic notation it is: e= al;y:UlezXTUyl, fza—Yy:UYIIZITUYI.The

sensitive matrix C for parameters a4, b can be written as C= [P, Q] and elements of it by:

_ oda _Se_Sxf

oa 6b_Sxxe_Sxf
oYy A B

Q="2="n T (32a,b)

) =
oy A

From matrix law of propagation of uncertainty the matrix U, for a and b parameters is:

u,=CU,C'=
e [PUYQT QU,Q"| |pupu,

PU, P PUYQTH u? pabuaub] -
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Where: p is a correlations coefficient for pair 4 and b.

Taking advantage of the fact that the U3' is symmetrical as U, that is why U,=Uy, Uy'=(Uy")" and
U,' Uy =I unit matrix, it yields: eU,e'=X"U;'U,(X"U}')'=S,, fU,f =1"U;'U,(1"U}")'=S, and
eU,f'=fU,e'=X"U;'U,(1"U;")"'=S, and matrix elements U, simplify to the form [26]:

S Sw
Lé:PU;PT:Zg u;:QU;Q?:ZT;
T _Sx
P, u,=PU,Q = A (34 a-c)

The parameters of covariances matrix U, , U, and Pgp can be derived analytically and have the same
form as for noncorrelated case, but we can remember that we have more general definitions of S,
$::8,58,,:S S, parameters (26a-f):

xy? = xx?

u=VS/A;  u,=VS./A; pa==S.JVSS, (35a-0)

What is different from classical case e.g. noncorrelated case, that the value 4 may be zero ? In
order to demonstrate the possibility of zero set 4, we use the procedure of diagonalization of
matrix U,. Generalization of patterns for regression y on x of correlated coordinates y can lead to
singularity (A=0?). The value A is calculated for the selected coordinate system of the vector
variable X and is equal:

A=S-S,—(S,)=1"Uy'1X Uy X~ (X" U, 1) (36)

After transformation, using matrix-linear orthogonal operator D'=D™": 1=DP and X=DW
where P=D"'1and W=D"'X - dimensional vectors and

. 1 L
)‘_1 e 0
DU, D=|: - (37)
1
O —_
A,

where A - eigenvalues of matrix U, i=1,...,n. and performing algebraic operations, the final
formula for Ais:

A= 33 (powi—p w4 A 39)

i=1 j=1

The final form (38) of 4 can be always greater than zero if all eigenvalues of A,>0 for i=1,...,n. It is
possible to zero set formula on A if at least one eigenvalue is negative. Hence, matrix Uy' (Uy)
should be positive definite and all eigenvalues should be positive A, > 0 to avoid singularity. So we
should assume that matrix U, can by positive definite.
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6. Domination of Matrix Ux - Solution For Regression x on y With
Autocorrelation

At this moment we derive the solution for regression x on y . From mathematical point of view to
obtain the case when matrix Uy is dominated it enough to be done by swapping X vector with Y
vector and introducing new parameters W instead S. This case occurs when u(X,)#0 and u(Y,)=0
and Y, =Y, AY=0. Then, the full covariance matrix reduces to U,=Uy,
U,'=Uy and U,,=U, =0 The equation of projecting points can be written in vector form as:

X,=a,Y,+b,1=a,Y+b,and X ,—X=a,Y+b,—X (39a,b)
Only errors along OX direction are considered and then the objective function becomes:

Gla,b)=AX"U'AX=[X—-a,Y—b,

"Uy'[X—a,Y-b, (40)

From the mathematical point of view this is exactly the same expression as for y on x case using
variable swapping X —Y and Y —-X and replacing the inverse of covariance matrix Uy' by
U '=Uy' .Itis similar like the solution for regression y on x also with expression for matrix U,,.
The subscript index x is used to distinguish from the previous one. The solution to the regression
parameters is analogous:

_Abx
A

X X

(41a,b)
where a new notations are of (scalar parameters S are exchanging by W)
A=WW , —-WW, A =WW, -WW, A=WW,—(W,)and 4,#0.

. 2 2 . .
Variances u,,, Uy, and covariance element Py, Uax Upy are determined by analogy as
(34a-c):

2 _ W W -W
Ug= A_X ’ Up= Aiy ) P abx Uax Upx A—Xy (42a—c)
Determining uncertainty for variable y requires the application of the straight line equation:
x=a,y+b, (43)

And now it necessary to carried out the transformation from parameters a, and b, to the
parameters a and b and also it must be applied the matrix law of propagation of uncertainty. The
straight regression line can be transformed into new form fitted to the mode from figure 1.

x b,
_Xx_ 44
y=2— (44)

X X
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leads to dependencies for the variable y the parameters 4, b are given:

-b
a=i and b=——= (45)

X aX

The matrix law of propagation of uncertainty as a matrix equation is the following;:

da  da da  0b
U= da, O0b, U, da, Oda,|_
ob 0b| ™"ida db
da, 0b, ob, 0b,
2
0;4 1 O uax pabx uzax ubx 1 - bx (46)
_bx ay P abxU ax Upx Upy 0 a,

Finally in the case of domination of matrix U, the elements of U, matrix can be determined and
these expression will be used in case 3 for testing of proposed algorithm. After the multiplication

and simplification:

w=d"l=da'Wla,, u=da(b’W+w , —2w b)/A,

b —Wy
a(bw-w,| W
Py uy=———2  and p,= (47a,b,¢,d)
A, \/ , W 2bW
Py —¥ y
w w

7. Characteristic Function G(a) for Two Extreme Cases: Domination of
Covariance Matrix Ux and Uy

The following are two typical sets of G(a) characteristic function sets for a2 < 0 and a > 0 for two
extreme cases: domination of matrix U, and domination of matrix U,, where analytical solution
fora, b, and U, are existing (41,42,45,47). In below cases we have always minimum of the objective
function. The G(a) in both cases are also analytically determined from (27). The mixed
characteristics for more complicated case with cross correlations are expected. In the left side of
two plots below we have two parabolas: dependence on quadratic of 4, and on the right side we
have parabolic dependence on see a™ figure 4.
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Domination of matrix Uy Domination of matrix Uy
U;' =Vy = Uyt U;l=vy = Uyt
Uz=Uy Uxy=Ux=0 Uz=Ux, Uxyy=Uy =10

-1 _jq-1 -1 _g-1,-2
Uyers=Uy Uyer=Ux a
y A
G(a) 4 G(a)

A4

v

a) regression y on x b) solution for regression x on y

Figure 4: Characteristic functions G(a) in green line fora <0 and in red line for a > 0 for two extreme
cases: a) two plots of G(a) for regression y on x — domination of matrix Uy b) two plots of G(a) for solution
for regression x on y.

8. Consequences of the New Approach

We define matrix B of weight coefficients which can be used for identification of type of
regression x on y or y on x. As you can see, there is an unequivocal relationship between the
weight coefficients B matrix or its inverse and the slope a of straight-line regression. We get a
linear matrix dependency for the error vectors in the 0X and 0Y directions. So, from equations for

A X and AY corresponding to the value of the minimum (21) of characteristic function

vertex vertex

G(a,b), the matrix of weight coefficients (,,slopes”) of crossing lines is defined as:

AYVCF'L’X -
ﬂ:AX : =—<V11+GV3)(V§+GV22) ' (48a)
vertex
or inverse matrix
-1 AXvertex -1 T
B="> =—(Vy+aV,) ' (Vi+aV,,) (48b)

vertex

From (48) the slope of regression line is determined by matrix B and parts of inverse covariance
matrix U,

a=—(V11+BV3)(V§+BV22)_1 (50)

We can identify regression x on y and y on x respectively when B equals zero and inverse
equals ' zero. To avoid the problem with the zero determinant of the U, matrix, we can insert

small variance values respectively to achieve an extremally cases: regression y on x or x on y . From
(48) we have
A Yvertex = B AXvertex or AX vertex = B_ ! A YVL’F'[L’X (51a’b)
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In this way regression x on y can be identified by = B =0 because of AY=AY ,,,=0 .In the
limit at almost zero elements of the diagonal matrix U, - 0(U,,=V,=0),V,, » (diagonal
elements) is obtained:

B=—(Vy+aV,)(Vi+aVy,)' - 0 (52)

Analogically regression y on x can be identified by B~' =0 because of AX=AX,,,.,=0 . In the
limit at almost zero elements of the diagonal matrix Uy — O(UXY=V3=0) » Vi — oo (diagonal
elements) is obtained:

B_I:_(Vu+a V3)_1(V§+CIV22) - 0 (53)

In noncorrelated case when Uxy=0, Uy and U, are diagonal [U x].-,-: uZ(X i),[Uy]ﬂ= uz(Yi), i=1,..,n. If all

matrixes contain only diagonal elements, then B=p,, is also a diagonal matrix

Bu o O B0
Biiag=| ... ... ...|0f Bawg =|... ... .. (54a,b)
0 ... B, 0o ... B,
N —1w(y) o
Then the crossing projection lines have slopes ;= Bi=7 > (X ) i=1,..n, and effective inverse
u i
covariance matrix is diagonal too with elements:
[U;e}f]ii:(azuz(Xi)-l-uz(Yi))_l (55)

As a results (55) well known method of effective variance can be applied to find solution for
regression problem. The B matrix in noncorrelated case is then diagonal. Other elements of 8
matrix are equal zero and the diagonal elements are the slops of crossing lines see figure 5.

Figure 5: Interpretation of diagonal elements of matrix B, for straight line regression without
correlation.
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The constant ratio between variances leads to the parallel projections - at this case the analytical
solution as roots of quadratic equation are available (Deming method) - When the variance are
equals we have perpendicular projections it means the OLS case. In correlated case the expression
for slope of crossing line are more complicated - all elements of matrix B are existing - its linear
combination between error of x and y. And, when a matrix B is not exclusively diagonal, it means
that the coordinates x and y are correlated e.g. V,0r V,, or V; are not diagonal . In this case, any
errors selected toward y are a linear combination of all errors in the x direction. Also, any errors
selected toward x are a linear combination of all errors in the y direction. Hence, the slopes for
crossing lines in projections points from measurement points X , Y on the fitting regression
straight line define by mean points X ,,Y , can be obtained from

n

AY Z BU AXvertexj
vertexi __ j=1

AX

- AX (56)

vertexi vertexi

and i=1,...,n. In the case when both covariances matrixes are equal without cross-correlations and
have the same units we can define the condition for generalization of orthogonal regression. In the
special case when U,,=0, the formula for the slopes is reduced to the expression

-1 1 -1
BZTVanzl:

- Uy Uy, .When both covariance matrixes are equal U,=U, then B is diagonal

like in noncorrelated case and all slopes are equal %1 (perpendicular projections).

Thus, in the case when both coordinates have the same units as the above case with
Ux=Uy,Uxy=0it can be defined as a generalization of an orthogonal regression.

Also when all matrixes U,,U, and U,, are diagonal the inverse of covariance matrix has the same
structure and f is diagonal as well as U;elff matrix. This is the second case for testing. In the
special case when U,,,U,,U,, are diagonal — correlations between every pairs X; and y; only, then

are Vy; and V, and V; diagonal and finally matrix of weight coefficients (,slopes”) p is diagonal
too (case 2).

w,y; O 0 Wi 0 0 v,y O 0 Vi 0 0
o ... O 0 ... 0 o ... O 0o ... O
U= 0 0 w,, 0 0 W —~ U= 0 0 vy 0 0 V mn
Wy 0 0 w, O 0 Vyu 0 0 vy O 0
o ... O 0o .. 0 0o .. O 0o ... 0
O 0 uxynn 0 0 WyZnZn 0 0 vxynn 0 0 VyZnZn
By ... O
=> Bdiag: cee cee coe (57)
0 ... B

9. A New Algorithm For Numerical Calculation of Straight Line Regression
Parameters
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The algorithm ( see figure 6) for sampling characteristic G(a), which is a very short procedure, start
from first step: the matrix U, is inverted and partitioned to the four elements. Next the values of
characteristic G(a) is calculated in series points from left side to the right side of the minimum
with Az increment step: at any points the matrix V is determined and inverted — this is the critical
moment of the method because this operation must be done with highest accuracy, next inverse

effective of covariance matrix U;elff is calculated, also parameters S, S,,S,S,,S,,,S,, and intercept

xy?
b for local minimum. Block G(a) is repeated at any selected points of a. Finally value of function

G(a) is determined which satisfy the following relations: G(AX ,a,b)>G(a,b)> G(a).

Algorithm of characteristic of numerical function G(a)

. V V.
Input data: o Inverse of covariance matrix UE] = [ lr] 3 ] .
Vector af cordinates £ = | X', Y "], " Vg Va
Increment Step Ha ( resalution,accuracy) 4 Via= V3 + 1;?;
interval range: < dgp, ey =, — . .
. . Uy Uyy - ; >
Covariance matiz Uy = | o . Series afpaints a = ag thda,
Ue Ur =
=01, (g - agy )W)
Il
Ha) EHb) Effective inverse dovariance matrix

Uypkip=Vaz— (V5 + aVp) V1 (V3 + aly)
] V=V V U

R

¥y I':IH

o= KUyl = 170y X 1= 170y ¥

Cutput characteristics

Gla)= a®Sy, + 2abS, — 2aS,, + b*S —2bS, + S,

Figure 6: Block diagram for determination numerical characteristic function G(a), G(b)- (see Appendix B).

The input data are loaded in the EXCEL worksheet and includes formatted input parameters like:
the number of measurement points, all both coordinates of measurement points e.g. XY vectors,
elements of Uy, Uy and Uxy(Uyy,) matrixes - it means the whole matrix U, and also increment
step Aa and left a;, and right ag, values of interval range. A very short of MATLAB script named
Plot_G.txt is written. In the above script it is used function G included in G.m file — see Appendix
B. After running script, in a short time, depending on the number of steps M=integer|(asz-as.)/Aa]
the two characteristic G(a) and G(b) are plotted - see

figure 6. We propose the method of determining the minimum with the use manually of zoom
function in MATLAB environment - we zoom in to the minimum area and select two values of a
and b where the minimum is inside in. On this basis we determine the average value and error for

parameters a2 and b. The correct numerical value of slope is assumed as aN:%(aL+aR): with

l‘aL—aR‘. Simultaneously, the correct numerical value of intercept b is

numerical error £=7

determined as bN:%(bL+bR) with numerical error sb:%‘bL—bR‘.
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Figure 7: Scheme of automatization of determining minimum by increasing/decreasing the values of interval
range ag / ay, within the increment step Aa.

The algorithm for automatization for determining of 4, b, and U, is applied- see figure 8.

Algorithm for elements of covariance matrix Uy,

nput data: v v
Wectars of cordinates Z = [XT,Y 7|7, vector of shift & n| Imverse of covariance magric Uzt = l lrl £ ] )
Incremert Step: Aa ( resolution, accuracy) —_— VS Vaa
interval range: < ag, asg >, Vi3 = Vi + V%
U U
Covariance mairix Uz = [Uf\( le 4_!’
R /\::)‘ i=1..2n Z;ith (h=h) ‘
Ly
| & =asy ‘ | o =dgp |
Ouputdata: Uy, = CUz CT, Ly U
[éal a=ri+Aa| |a=ct—,ﬂa
; — VAL -T A — & als
Algy = 28CUZCT, AC =+ L.“I -~ 1T 1T
=
= i, s = puan+ e [ | Block G(a)|| Block G(a)|
= It Lk
Gla —hd) > Glay Gla) < Gla +ha)
Sla —Aay = G(a) Ga) = 3a + A
a;;=a —ha2, by =bfa; ) || a;p = a +Aa2, b p=bfag)
17 {7

1 \ 1

2} “:"\.’zZ(“:L"'“:RJ fin ::lurL_“:.ql
) = by (Z; — i) <:| i . 1

— h:.’\': = (h:L+b:RJ fia T3 “}:L - h:Rl

Figure 8: Block diagram for numerical determination of U, matrix —(see Appendix C).

We assume that the only one minimum in the given interval range [ag; ;dg] is always existing for
very small changing of every coordinates. The same method for average dy, by and errors €, &,
can be used as for previous manually determine. If we have one minimum in the considered
interval range, which is confirmed by determination of the characteristic of G(a) using script
Plot_G.txt (see Appendix B). Then we can apply method of increasing and decreasing of a from
both side of interval range to approach the points very close on the left and right side of minimum
(see Appendix C). Two-way calculation of objective function values in two opposite directions are
used with very small increment step .Aa=5-10"" To avoid the situation of pass-through, the real
minimum of G(a) in increasing or decreasing values a the correct value of a in the last step should
be decreased (increased) by Aa/2 during increasing (decreasing) process. In this way we assume
that the curve of G(a) at very close to the minimum is almost symmetric. The method for finding
parameters dy, by can be repeated for numerical differentiation of parameters a and b due to the
all coordinates to estimate sensitivity matrix C elements defined by partial derivatives:
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oa ob
é%% . 52? 0z, oz,
c="""1 i, Cl= (58a,b)
ob ob
0z, oz da_ 0b
1 2n 07, 07,

So, in order to apply the matrix law of propagation of uncertainty to obtain covariance matrix U,
U,=CU,C" (59)

It is necessary to calculate first the sensitivity coefficients by numerical differentiation. Thus
the sensitivity coefficients can be estimated by:

da _ aN(Zi"'hi)_aN(Zi_hi) ob _ bN(Zi+hi)_bN(Zi_hi)
0Z, 2h, 07, 2h

(60 a,b)

i

and i=1,...,2n .The expressions (60a,b) are closely to the results for Taylor series with rests of third
derivatives. In most cases we can assume h;=h=const i=1,...,2n. It is necessary to optimize the
constant value of i to minimalize influence of the error due to third derivatives @ and b . So the
coefficients of C matrix can be determine by 4 x n for a and for b solutions for modified the input
EXCEL data e.g. vectors X,Y in script U_ab.txt (see Appendix C). It is assumed that / is selected so

3 3
the rests with third derivatives in interval range (Z.-h, Z,+h) expressed by ‘a‘% and ‘b‘% can

be negligible in comparison of &, €, On the one hand, reducing the value of /1 will increase the
error on the matrix coefficients C. On the other hand, increasing the h-value may result in an
increase in the error associated with third derivatives. After several numerical simulations in our
testing cases, the value h=2-10"" is accepted, which is optimal, ensuring the determination of
coefficients (60a,b) with a numerical error about 10~°.

The numerical errors of estimation for elements U, matrix and Uu,,u, uncertainties and also
correlation coefficient p , are given in the following way. From errors of slops and intercepts with
modified input data the matrix U, can be estimated with matrix error AU ,;:

v,tAU,=U,+2ACU,C", (61)
, e : : L &> - 5
where numerical errors of sensitivity matrix are givenby: AC=_—
2h| ey, oo €4,
where ¢€,=|€,, +‘S,m~ ande,;=|e, +|£,bi|and i=1,..., 2n, and index (+) means for the

approaching Z;+h; and index (-) means for the approaching Z;—h; to obtain minimum of G(a).

In the considering the worst case, because of this U, is the symmetric matrix and all absolute
values of four elements of matrix ACU,AC" are always much smaller than corresponding

absolute values of four elements of matrix 2AC ‘ U,C"|, the positive values of errors of covariance

matrix AU, can be estimated as:
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A Uab 11 A UablZ

AU,=
A Uab21 A Uab22

=2AC|U,C| (62)

Then the numerical results are:  uyy=vU ,,,Upy=VU,, and p,y=U,,/(uyu,y) andhave the
maximum numerical errors estimated by:

Aua: uaN_\/uiN_AUabll‘>‘\/u¢21N+AUabll_uaN ’ (633)
Aub:‘ubN_\/uiN_AUab22|>‘\/uiN+A U o = Upy |5 (63b)
Ap .= ‘pabNuaNubN’-'-max(‘AUabZl ) AUabuD _ ‘ S
Par= (uaN_Aua)(ubN_Aub) Papn
P abn Uan ubN‘+max(‘A Ui 5| UablZD
> pubN‘_ (uaN+Aua)(ubN+Aub) (630)

Of course it is assuming that p,, Au,Au,~0 . The accuracy of each numerical method is limited
by a finite decimal representation of the variables used and by the error of method caused by the
use of approximate mathematical formulae. For each method that coincides with the numerically
determined value, it is necessary to estimate numerical errors, since the numerical solution is not
specified exactly. For the algorithm used, the truncating errors caused by the finite representation
of the number seems to be omitted and negligible — the values of the numbers on which the
calculations are performed in MATLAB have an accuracy above 10"’ and only the method errors
estimated above remain. So the numerical results are burdened with errors: a=a,+¢, b=b, t¢,,
U =Uyt Aug,u=uy+Au, and Py, =puytAp,

The effectiveness of the method has been demonstrated in three examples used for testing in
previous publications [9,10,12]. The implementation is prepared in MATLAB enviroment-see
Appendix B and C.

10. Testing Cases
Three testing cases of input data analyzed before [14,7,5] are considered.

First Pearson’s data with York’s weights as noncorrelated case which represents a case of a highly
varying uncertainty - strong heteroscedasticity in both variables is analyzed. Input data are stored
in the Table 1. This situation arises when the variances of the observed values are unequal, but
where no correlations exist among the observed variances. So the covariances matrixes are
diagonal and Uxy=0 In the four figures below the four characteristics of numerical function G(a)
and G(b), obtained from script Plot_G.txt are demonstrated see figure 9 for different increment
steps from 5.10"to 10™.
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Figure 9: Characteristics of G(a) and G(b) for various increment step:a) Aa=5-10"" , b)
Aa=5-10" ¢ Aa=10"° d) Aa=10" .

As we see from figure 9 a) Aa=5-10" the characteristic is very smooth, regular and the
proposed algorithm from fig.8 can be used for determination of a, b parameters and matrix
U, while for very small value increment step 10" the accuracy of parameters of straight regression
line will be worst due to not regular characteristic which is required a special filtering algorithm to
find trend line - see figure 9 d). It easy to notice that the main reason for this chaotic numerically
determined function G is the library function designating the inverse matrix V with very small step

Aa . This chaotic course increases with decreasing increment step -see figure 9 b), c) and d). The
very critical moment which limits the accuracy of calculations is the library MATLAB function for
inversion of matrix V. So to obtain better accuracy than 10 for slope of a (maximum accuracy for
G(a) is eleven digit) is required to prepare own function for inversion of matrix V, based on much
more representative digits because of domination of truncation error. That why we used in our
tests increment step equal Aa=5- 10°  from figure 9 a) and we have reduced the maximum
accuracy.

The most accurate values can be read manually for the smallest increment step equal 10" using
Plot_G.txt script from figure 9 d. The maximum accuracy of slope is almost eight digits after point.
The plotting of this characteristic in a very tin interval range takes few second of calculation on the
platform Intel(R) Core(TM) i5-1035G4 CPU @ 1.10GHz 1.50 GHz RAM 12,0 GB Flash SSD 512
GB , but the use of this step value for automation requires method of a filtering algorithm,
determining the trend of lines.

The very good agreement between proposed and previous methods of accuracy of a and b
parameters are obtained, but in the case of uncertainties only almost four digits after point are
identical. Therefore according to table 1 the best accuracy for uncertainties and correlation
coefficient is obtained for proposed method.

Table 1: Data, the results and the errors obtained for numerical method- U_ab.txt script as;=-0,483; asg-
0,476, h=0,02;, Aa=5- 10°% . Output data is saved to the result.txt file.

Point no. Xi u?(Xy) Y; u?(Y;)
1 0 1000 59 1
2 0,9 1000 5,4 1.8
3 1,8 500 44 4
4 2,6 800 4,6 8
5 3,3 200 3,5 20
6 4,4 80 3,7 20
7 5,2 60 2,8 70
8 6,1 20 2,8 70
9 6,5 1.8 2,4 100

10 7,4 1 1,5 500
Input data
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Maximum numerical

Proposed WTLS CITOLS
Parameter numerical e Method by Method by Exact
solution Ref.[10] Ref.[12] Solution
&,,Aug,
Au,A Pab
a -0,48053337 5.10° —0,48053341 -0,48053341 -0,48053341
b 5,47991007 2,4.107 5,47991022 5,47991022 5,47991022
ua 0,05761755 107 0,05798501 0,05757171 -
ub 0,29193582 2,9-10° 0,29497073 0,29237148 -
pab -0,96230411 9,310 -0,96309914 -0,96241604 -
Results

Based on the a- slope parameter matrix 8 is also determined and straight line regression with
crossing lines and measurement points are plotted — see figure.10.

2081,02 0,00
0,00 1156,12
0,00 0,00
0,00 0,00
0,00 0,00

B= 0,00 0,00
0,00 0,00
0,00 0,00
0,00 0,00
0,00 0,00

0,00
0,00

260,13 0,00 0,00 0,00 0,00 0,00 0,00 0,00
208,10 0,00 0,00 0,00 0,00 0,00 0,00

0,00
0,00
0,00
0,00
0,00
0,00
0,00

0,00
0,00

0,00
0,00
0,00
0,00
0,00
0,00

0,00 0,00 0,00 0,00 0,00 0,00
0,00 0,00 0,00 0,00 0,00 0,00

20,81 0,00 0,00 0,00 0,00 0,00
0,00 8,32 0,00 0,00 0,00 0,00
0,00 0,00 1,78 0,00 0,00 0,00
0,00 0,00 0,00 0,59 0,00 0,00
0,00 0,00 0,00 0,00 0,04 0,00
0,00 0,00 0,00 0,00 0,00 0,004

Figure 10: Matrix [ and the crossing lines with measurement points for first case.

In the case 2 the input data is given in table with cross-correlations coefficients, with assumption
of diagonal matrix Ux,Uy and Uxy. Hence the cross-correlations is taken only into account. The
results and numerical errors of the proposed method, and also results of previous method are

given in table 2 Result I.

Table 2: Data, the results and the errors obtained for numerical method- U_ab.txt script (as=1.98;
asg=2,03, h=0,02, Aa=5.10"°). Output data is saved to the result.txt file.

Point no. xi u(xi) yi u(yi) pxyt
1 0,9995 0,005 3,0073 0,009 0,5
2 1,9968 0,002 5,0105 0,009 0,55
3 3,0009 0,005 7,0061 0,007 0,6
4 3,9969 0,004 8,9939 0,008 0,65
5 4,9998 0,002 11,0034 0,014 0,7
6 6,0025 0,007 12,9995 0,001 0,75
7 6,9875 0,014 15,0008 0,002 0,8
8 7,9962 0,013 17,0012 0,005 0,85
9 9,0045 0,013 19,004 0,006 0,9
10 9,9891 0,006 20,9959 0,002 0,95

Input data
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Maximum numerical
errors

Parameter =~ Proposed WTLS e e Au Method by Method by
numerical solution a Au, Ab ;)ab a Ref.[10] Ref.[12]
a 2,00010587 5.10® 2,00010589 2,00010590
b 1,00659374 2,1.107 1,00659367 1,00659365
ua 0,00122460 5.10°® 0,00122506 0,00122460
ub 0,00607293 1,5.107 0,00607500 0,00607294
oab -0.84511293 1,1.10° —0,84522792 -0.84511327
Results I
. . . ] Correlation
Proposed WTLS Maximum numerical errors  Analytical solution ..
Parameter . . ) coefficient
numerical solution E.& (Appendix A)
a 2,00013000 7,5.10-8 2,00013003 05
b 1,006805234 4.12.10-7 1,00680519 !
a 2,00013427 5.10-8 2,00013433 0.9
b 1,00678184 2.75.107 1,00678155 !

Results II Ux=0,006, Uy=0,009, coordinates are used from Input data

-13 0,0 000 000 0,00 000 000 000 0,00 0,00
0,00 3222 0,00 0,00 000 000 000 000 000 0,00
0,00 0,00 -024 0,00 000 000 000 000 000 0,00
0,00 0,00 000 -2,00 000 000 000 0,00 0,00 0,00
_lo,00 000 000 o000 1352 000 0,00 000 000 0,00
F=looo 000 000 000 000 010 000 000 000 000

[ e S
"

0,00 0,00 000 000 0,00 000 011 000 000 0,00 6 Rl ~——
0,00 0,00 000 000 0,00 000 000 030 000 0,00 | : .

0,00 0,00 000 000 0,00 000 000 0,00 039 0,00 1 ¥

0,00 0,00 000 000 000 000 000 000 000 031 1 0 1 2SRV ENCENCEEANCENC [ 11 12

Figure 11: Matrix B and the crossing lines with measurement points for second case.

As it is shown in table 2 (Results I) the agreement in 4 and b parameters is no less than seven digits
after point while in uncertainties we have almost six digits identical and in correlation coefficient
we have almost four digits identical. From columns of errors the proposed method is able to be
rather more accurate than previous. Additionally the case (Results II) of the same correlations
between measured X and Y coordinates with constant uncertainties at the measurement points
according to the analytical solutions included in Appendix C gives almost seven digits of
accuracy. The matrix B and regression line with crossing lines you can find on figure 11.

The third example case uses input including correlations within x and y and cross-correlations x
between y [1].The covariance symmetric matrices Ux and Uy and Uxy and also asymmetric Uxya

are defined by:
1 0,2 0,2 0,2 0,2 02 01 01 0,1 0,1
0,2 1 0,2 0,2 0,2 01 02 01 0,1 0,1
Ux=Uy=(0,01* | 02 02 1 02 02 Uxy=(0,01) 01 01 02 01 01
0,2 0,2 0,2 1 0,2 01 01 01 0,2 0,1
0,2 0,2 0,2 0,2 1 01 01 01 0,1 0,2

(64a,b)
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=N O OO
N © © © O

(64a,b,c)

Table 3: Data for analytical solutions and results and errors obtained for numerical method -U_ab.txt script
(as1=1,98; asg=2,04; h=0,02; ) for above covariances matrixes Ux and Uy and Ux(Uxya). Output data is saved

to the result.txt file.

Point Numerical
Xi i
No ¥ Parameter Proposed WTLS Errors Method by
1 1,0089 3,013 numerical solution E1s€ps A u, Ref.[6]
2 1,9905 5,0022 Au,Apy
3 2,9896 6,9923 a 2,01043975 2.10° 2,01043979
4 3,9907 9,0116 b 0,98922682 7.10° 0,98922669
5 49695 10,9815 u, 0,00607387 10° 0,00607382
up 0,02151838 1,5.107 0,02151819
Input data Pab ~0,84392639 8,5-10° -0,84392476
Results I
Dominati ¢ ..
omination . . Dt ol WTLS numerical solution
U, WTLS numerical solution U, U. - UL
U=U, U, - Upy U,=U z = veff
Parameter . . 2 i ¢ Uy-0
Analytical solution Uy-0 u’(X,)=10 Analytical (Y )_ 107
g'oo0 solution B’ _O
B'=0 B'=0
a 2,01043126 2,01043125 2,01044147 2,01044150
b 0,98925221 0,98925223 0,98922166 0,98922159
u, 0,00285081 0,00285081 0,00573149 0,00573149
u, 0,01042351 0,01042348 0,02095614 0,02095619
Pab —-0,81771599 -0,81771431 -0,81771817 -0,81771921
Results 11
Numerical
Proposed WTLS errors
Parameter numerical solution Ea
for asymmetric matrix &,,Au,
Uxya Au,Ap,,
a 2,01043995 7.10°®
b 0,98922622 2,2.107
U. 0,00590329 5.10°
U, 0,02146788 6,5.107
Pab —0,82216794 4,3-10°
Results 111

For fully correlated case ( Results I) we have almost seven digits identical for a4, b U,, parameters
and almost five digits identical for correlation coefficient. The results presented in Table 3 Ref. [6]
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in the last columns confirm the conformity of the numerical values obtained with those previously
published taking into account the errors. We obtain additional symmetric matrix f  and
parallel projections — see figure 12. In comparison to the noncorrelated case we have 4-16% percent
of widening of coverage corridor.

Simulations have been also made (Results II) using the WTLS for covariances matrix Uz where it
has been assumed Uxy=0 confirming its convergence with analytical solutions for regression y on
x (30,34,35) where matrix Ux—0 has diagonal elements (0,0001)2 and solution for regression x on
y (42,45,47) where matrix Uy—0 has diagonal elements (0,0001)>. Results have been obtained in
accordance with the analytical solutions in table3 ResultsIl with an accuracy of for 7.10°
uncertainties and correlation coefficient 10°.

Table 3 of Results III contains the results for the symmetric convariance matrix set U, and U, and
an asymmetric matrix representing cross correlation Uxya.

-0,35701 0,040083 0,040083 0,040083 0,040083
0,040083 -0,35701 0,040083 0,040083 0,040083
B =(0,040083 0,040083 -0,35701 0,040083 0,040083
0,040083 0,040083 0,040083 -0,35701 0,040083
0,040083 0,040083 0,040083 0,040083 -0,35701

Figure 12: Matrix B and the crossing lines with measurement points for third case.

In the final phase — third case for different representation of matrix Uz for fully correlated random
variables), the expanded two uncertainties with extended coefficient ¢4 .. ,= 2,35 and the
correlation coefficient p,, , are determined from the two chosen points from straight regression
line with maximum numerical errors less than 107" for y and correlation coefficient — see table
4.

In table 4 we have five different cases for two point of straight regression line: the widest confident
interval is for autocorrelation Ux, Uy, a little smaller is for fully correlated matrix (case 3), and
smallest for noncorrelated case when we have the smallest correlation coefficient excluding two
extreme cases with only Ux or Uy matrixes. For asymmetric Uxya case the confident interval is
smaller than in the case of lack of positive cross correlation but it widest when the matrix Uyy is
symmetric with positive elements.

Table 4: Confident interval and correlation coefficient for two selected points of straight line
regression in third case with different configuration of matrixes Ux,Uy,Uxy.
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Coordinates y with expanded uncertainty

Correlation
Representation of matrix Uz coefficient
for the first point for the second point P12
X,=2,0000 X,=2,9889
Ux, Uy-diagonal, Uxy=0 ¥,=5,0101 +0,0289 y, =6,9982+0,0236 0,8175
Noncorrelated case

Ux, Uy=0 y,=5,0101+0,0314 y, =6,9982+0,0284 0,9051
Uy, Ux=0 ¥,=5,0101+0,0156 Y, =6,9982+0,0141 0,9051
Ux, Uy, Uxy=0 y,=5,0101+0,0350 Y, =6,9982+0,0317 0,9051
Ux, Uy, Uxy,U"xy ¥,=5,0101+ 0,0306 y, =6,9982+0,0272 0,8871
Ux,Uy,UxyA,U'xyA y1=5,0101+0,0318 Yy, =6,9982+0,0287 0,9024

11. Summary and Conclusion

A simple and fast algorithm for directly minimizing objective function to solve straight line
regression problem is presented. The algorithm can be used in any lab to plot numerical
characteristic of objective function and answer the question, “is it possible to minimize objective
function at given measurement data with given covariance matrix to estimate the confidence
region of straight line regression? The work demonstrates the linear regression method for
correlated variables — fully correlated covariance matrix. The proposed numerical algorithm, which
bypasses numerical minimization objective function due to the location of the projection points
because of analytical derivation, is extremely fast and precise at determining the characteristic of
the objective function as one-dimensional input parameters. In the case of noncorrelated data none
of additional condition is required. In correlated case matrix V must be positive definite — at
minimum of G(z) and in considered interval range and the matrix Uy, should have sum of all
elements greater than zero or matrix Uy, should be positive definite to avoid singularity. The
analyzed interval range of slope should be chosen from selected extreme points, scattered on the
XOY plane. Confirmation of the possibility of minimizing function G(a) is the receipt within the
considered range of minimum. When V is not positively definite the proposed method can not be
applied - when all eigenvalues of matrix V are negative the G(a) will have maximum - no
possibility to minimalizing G(a) function. The short algorithm, has been implemented in in
MATLAB scripts Plot_G.txt and U_ab.txt tested in three analyzed cases, published in previous
articles. The numerical method is convergent to the classical cases with analytical solutions for the
a and b parameters and their covariance matrix U,. The effectiveness and reload of presented
method is confirmed.
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Appendix A

In order to illustrate accuracy of numerical method implemented in U, .txt script we compare the
numerical results with analytical solution of least square method given in this section. We
analyzed case with the effect of correlation between measured coordinates x; and y; with the same
coefficient p and identical uncertainty constants, u(x;)=u, and u(y:)=uy

Where i=1,...,n In this case the covariance matrix are described by

UX UXY

UZ= T
UXY UY

where the covariance matrixes U, U, are diagonal with constant variances

ui 0 ui 0
UX =]. , Uy =
0 u 0 ui

and covariance matrix U, has constant elements on diagonal i.e. elements with the same
correlation coefficient p

In this case effective inverse covariance matrix U;:ﬁ is diagonal too with the same values on
diagonal. The analytical solution in this particular case is existed and it seems like in the case of
analytical solution as the root of the corresponding quadratic equation i.e. like in Deming method.
Our objective function in this case is defined as:

C (Yi_axi_b)z
Gla,bj=3; Ymax =t
i=1 Uefr

where the effective uncertainty is equal to uiff = uzy— 2pau,u y+a2 u;
The objective function takes the minimum if two conditions for zero derived values a and b are
met the conditions:
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1) 76(;6(2”)):0 and  2) 7‘3(;6(‘;’17):0

From the second condition follows the dependence:

Z _2(yi_axi_b):O
i=1

And Z (yi—ax;)=nb leads to the equation
i=1

b=y—ax

Inserting above relations into the first condition we obtain:

Zn: (yi_axi_y-'-ax)()?_Xi)uiff_(aui_puxuy)(yi_axi_y-'-a})z

i=1 Uepr
Simplifying the expression we get a quadratic equation:
Ad’+Ba+C=0

where coefficients A,B,C are determined by:

A=Y (x—x)(pu, (x—x)+uy(yi~))

i=1

C=u, 2 (yi=)(u,(X=x)+pu,(y,=¥)).

So, the solution is given by the root of quadratic equation for the minimum of G(a,b), i.e. when
there is a change in the sign of the quadratic function from minus to plus. We always choose the

sign (+).
_—B+VB’—4AC o
a= and b=y—ax
2A
Appendix B

Below the script for determination of characteristic G(a) and G(b) - the file Plot_G.txt with G
function - the file G.m

file Plot_G.txt

% script for determination of the numerical characteristic of G(a) and G(b)

clear all

close all
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cle
% reading EXCEL data file name Case - changing input data by changing name of file
INPUT = xlsread(’Case_333’);
% reading number of points from EXCEL data
N=INPUT(3,1);
% reading coordinates from EXCEL data
for i=1:N
x(1)=INPUT(i,5);
y()=INPUT(i,6);
% reading covariance matrix from EXCEL data
for =1:2*N
U(i,j)=INPUT(i,j+6);
U(i+N,j)=INPUT(i+N,j+6);
end;
end;
% reading the step size from EXCEL data
del_a=INPUT(3,2);
% reading aL the left limit of interval from EXCEL data
a_L=INPUT(3,3);
% reading aR the right limit of interval from EXCEL data
a_R=INPUT(3,4);
% number of steps
M=fix((a_R-a_L)/del_a);
x=x(:);
y=y();
V=ino(U);
H=ones(1,N);
H=H(:);
Yothe parts of inverse of covariance matrix
for i=1:N
for =I:N
V_11(1,j)=V(i,j);
V_22(i,j)=V(i+N,j+N);
V_3(i,j)=V(i,j+N);
end;
end;
V_33=transpose(V_3)+V_3;
% loops generating points for numerical characteristic
for k=1:M
a_plot(k)=a_L+k*del_a;
[G_ak(k), b_plot(k)]=G(a_plot(k),V_11,V_33,V_22,V_3,x,y,H);
end
% ploting G(a)
subplot(1,2,1);plot(a_plot,G_ak,'b-")
title('G(a)’);xlabel("a’)
grid on
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% ploting G(b)
subplot(1,2,2);plot(b_plot,G_ak, 'r-")
title('G(b)’);xlabel('b’)

grid on

file G.m

function [G_a,b]=G(a,V_11,V_33,V_22,V_3,x,y,H)
% numerical determination of value G(a) and b(a)
U=inv(V_11+a*V_33+a"2*V_22);
V=V_22-(transpose(V_3)+a*V_22)*U*(V_3+a*V_22);
S_XX=transpose(x)*(V*x);

S_X=transpose(x)*( V*H);

S_XY=transpose(x)*( V*y);

S=transpose(H)*(V*H);

S_Y=transpose(y)*( V*H);

S_YY=transpose(y)*( V*y);

b=(5_Y-S_X*a)/S;
G_a=a"2*S_XX+2*a*b*S_X-2*a*S_XY+b"2*5-2*b*S_Y+S_YY;
end

Appendix C

Below the scripts for determination of 4, b parameters and the covariance matrixU,, - the file U-
_ab.txt with G_ab function- the file G_ab.m ( G.m is also needed).All output data are saved to the
d:\results.txt - default output text file.

file U_ab.txt
Yoapproaching the right corner of the minimum
[aR, bR]=G_ab(asR,-dela,V_11,V_33,V_22,V_3,xw,yw,H);
Yothe numerical results of slope, intercept and their numerical errors
a_pm(j)=(aL+aR)/2;
deltaa_pm(j)=abs(aR-aL)/2;
b_pm(j)=(bL+bR)/2;
deltab_pm(j)=abs(bR-bL)/2;
end;

Yoelements of martix delC
delaa(i)=(abs(deltaa_pm(1))+abs(deltaa_pm(2)))/(2*h);
delbb(i)=(abs(deltab_pm(1))+abs(deltab_pm(2)))/(2*h);

Yonumerical differentiation of slope and intercept due to the coordinates- elements of matrix C
AA(1)=(a_pm(1)-a_pm(2))/(2*h);
BB(i)=(b_pm(1)-b_pm(2))/(2*h);

end;

delaa=delaa(:);

delbb=delbb(:);

AA=AA(:);

BB=BB(:);

Yomatrix C
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AB=[AA,BB];

Y%matrix Uab

UAB=transpose(AB)*(U*AB);

Yomatrix delC

delC=[delaa,delbb];

Ymatrix delUab

delUAB=2*transpose(delC)*(U*AB);

Yooutput data of matrix Uab

ua=sqrt(UAB(1,1))

ub=sqrt(UAB(2,2))

delua=abs(sqrt(UAB(1,1))-sqri(UAB(1,1)-delUAB(1,1)))
delub=abs(sqrt(UAB(2,2))-sqrt(UAB(2,2)-delUAB(2,2)))

ro=UAB(1,2)/(ua*ub)
delro=abs((ro*ua*ub+max(abs(delUAB(2,1)),abs(delUAB(1,2))))/((ua-delua)*(ub-delub))-ro)
Y%matrix BETA

BETA=-(V_11+aN*V_3)*inv(transpose(V_3)+aN*V_22);

Yoerror vector of X
D_V_X=-(transpose(V_3)+aN*V_22)*inv(V_11+aN*V_33+aN"2*V_22)*(y-aN*x-bN*H);
Yerror vector of Y
D_V_Y=(V_11+aN*V_3)*inv(V_11+aN*V_33+aN"2*V_22)*(y-aN*x-bN*H);
slopes=D_V_Y./D_V_X;

Y%writting output data to the results.txt file

fileID = fopen('d:\results.txt’, 'w’);

fprintf(filelD, a=%12.8f\n dela=%12.8f\n b=2%12.8f\n delb=%12.8f\n’,aN,deltaaN,bN,deltabN);
fprintf(fileID, "ua= %12.8f \n delua=%12.8f \n ub=%12.8f \n delub=%12.8f \n ro=%12.8f \n delro=
%12.8f \n’,ua,delua,ub,delub,ro,delro);

fprintf(fileID, "MATRIX BETA= \n’);

for i=1:N
for j=1:N
fprintf(fileID, '%12.8f ,BETA(j,1));
end;
fprintfifileID, " \n');
end
fprintf(fileID, 'SLOPES OF CROSSING LINES= \n');
for i=1:N
fprintf(fileID, "%12.8f ,slopes(i));
end;
fclose(fileID);
display(’Output data are saved in d:\results.txt file’)
file G_ab.m

function [a_previous, b_previous]=G_ab(a,dela,V_11,V_33,V_22,V_3,x,y,H)

Yfunction for the numerical determination of parameters a, b situated very close to the left or right of side
of the minimum

[G_next, b]=G(a,V_11,V_33,V_22,V_3,x,y,H);

G_previous=G_next+0.1;

while G_previous > G_next
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a_previous=a;

G_previous=G_next;

a=a+dela;

[G_next, b]=G(a,V_11,V_33,V_22,V_3,x,y,H);

end

% special case for the widening numerical errors because of pass through the minimum
a_previous=a_previous-dela/2;

[G_next, b_previous]=G(a_previous,V_11,V_33,V_22,V_3,x,y,H);
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